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Here & = = b,(c? + ¢2). In particular, when condition
(2.7) is satisfied, we have
Cy = d=ic;, D =cel*+ el (2.26)
which gives the solution to the ordinary Dirac equa-
tion.
It is also of interest to investigate the nonlinear
generalization of the Duffin-Kemmer equation
(Bu0/0%—c(@ o) o=0, (227
where the 3, are Kemmer-Duffin matrices, and
¢ (¢, ¢) is an arbitrary scalar function.
I consider it my duty to express my deep gratitude
to Professor D. D. Ivanenko for constant fittention

to the work and to Professor Kh. Ia. Khristov for
valuable comments.
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The free energy of an electrically neutral system of charged particles (ions) has been
found by taking into account the repulsive forces between them. The general expression
obtained for the free energy of such systems is applied to its calculation for a concrete
form of “long-range” and “short-range” forces.

HE EQUILIBRIUM STATE of each statistical

system of N particles is entirely determined by
a knowledge of the Gibbs distribution function D or
the equivalent aggregate distribution function
Fole, %5, o, x5) (s =1,2, .. )L For example,
the pair distribution function Fi(x,, x,) permits us
to find the thermodynamic potential of the system,
knowing which we can solve any problem pertaining
to the state of thermodynamic equilibrium.

Ways of finding the correlation functions of sys-
tems of particles both with Coulomb (slowly de-
creasing with distance) potential of interaction
@°(r), and with molecular (rapidly decreasing with
distance) interaction ®'(r), were first developed by
Bogoliubov!. However, the problem of the con-

struction of an expansion by which we could find
the correlation functions in the case of a system
with an interaction containing both Coulomb and
short-range forces, remained unsolved.

Making use of an equation with variational deriv-

atives, we?

succeeded in outlining a method of
finding the correlation functions both for systems
with interaction ®°(r) or ®'(r), and for the “addi-
tive” interaction ®(r) = ®°(r) + ®*(r) which contains,
in the terminology of Vlasov®, both “short-range”
and “long-range” forces. In this paper, following
Ref. 2, we define as the thermodynamic potential
the free energy F(®) of a system of charged parti-
cles with explicit account of the short-range repul-
sive forces between them, which enables us to de-



STATISTICAL THEORY OF SYSTEMS OF CHARGED PARTICLES 947

velop the entire thermodynamics of such a type of be electrically neutral and the various particles dif-
system. fer only in charge; then
1. FREE ENERGY OF A SYSTEM OF N
ea =0 or ngeg =0
CHARGED PARTICLES 2 Naea 2} Naca @

Let us consider a system of M types of different
charged particles (for example, a solution of strong
electrolytes) with numbers N, and charges e,
(@=1, 2, ..., N) of particles of each type, and

where n, = N,/N = concentration of particles of the
athtype and N = N, is the total number of particles
in a system of volume V. If this system is found in
an external field ¢(r), then the configuration inte-

with interaction potentials .
gral of such a system is equal to*

Do (r) = Doy (r) + Das (1), (1)
1 1
where r =r,; = distance between particular parti- Q= 8 exp {_ ) U— ) Z‘Pa (ri)} de, (3)
cles of types a and b. Let the system as a whole ia

where

U= zq)ab lrai_rbll)_zq) b([ral_“rb1|)+2q) b(lr(ll_—rbll

a<b
i

=U°+Z(D§b(lra.i—fb.i|)

is the potential energy of interaction of the particles with one another, r, ; defines the position of the ith
molecule of the ath type (below, we shall call r;, or any set r;y, r;y, 7;;, by the letter x;), d is the ele-
ment of phase volume of the system and 0 = £T.

We can also put the configuration integral in the form

1 1
Q={exp {— U0 — & Doalr) [ (1 + fao (x1, x) =, @)
a, i a<b
iJ
Lt ] \
fab (xi, Xj) = exp {~ o Qas (1xi —x4]) § . (5)
The free energy of our system, F(¢p |®) = F(¢ | ®° + @), is a functional of the external field and the inter-
action potential between the particles and is equal to

F(p|®)=—0InQ (¢]|D). 6)

As for an arbitrary functional,

F(p|®|f)=F w:<1>°)+2§fa,,(x D) (5 A y)) ddy +

+ é— 22 Sfab (xa y) fa'b’ (X’, y’) ( Sf ik 77 )f=0 dXddeC'dy"—'— ... (7)

X, Y)Sf .., (x
=& ab( ) fab( y')

Determining the different variational derivatives of F from Eq. (6), and comparing them, we find

62 3F 1 &F 3F
1 X, —
(4 foo (09 57,05 = 2 | 5o 5, — e O
S(x—y) OF 0 Ng(Npy—3;,)
— A = T v Far (g 00+ @Y, ®)
* Sums of products over a, b, ¢, ... run everywhere from 1to M. The sums over i and j run, respectively, from 1 to

N, and from 1to N (if not stated otherwise).
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whence

(Fmeihye= — 2

N, (N, — ,
e Fay(x,y] @),

P, BAZAROV

8,p)

a

(9)

where Fgp(x, y | ®°) is the pair distribution function of the system for the potential ®°(r), and 8,p is the

Kronecker symbol.

If we set the external field ¢(x) in Eq. (7) equal to zero, then we can find the value of

the free energy of the system of charged particles for the potential ®(r) = ®°(r) + ®'(r). For the free energy

of such a system, we get, with accuracy up to the second term in the expansions of (7) and (9):

N, (N
F(®)=F (@) —

2

Ceo) gfab (6, y) Fap (x,y | D) dxdy . (10)

We can represent the free energy F(®°) of a system of particles with an interaction potential ®°(r) by a
pair distribution function Fyp(x, ¥ | ®°) for this system.
Thus Eq. (10) gives the possibility of calculating the free energy of a system of charged particles with

consideration of short-range repulsive forces between them if the pair distribution function Fyp(x, y | ®°)
is known for the ®°(r) potential of “long-range” forces.

2. PAIR DISTRIBUTION FUNCTIONS AND
THE FREE ENERGY OF A SYSTEM OF
PARTICLES FOR THE POTENTIAL

The first approximation for the pair distribution
function for a Coulomb interaction potential be-
tween ions:

@Y (r) = eaeyfer, (11)
was first found by Bogoliubov?! by the method of
equations with variational derivatives?; it corre-
sponds to the well-known* Debye-Hiickel self-con-
sistent potential

V(r) = (eafe) e=*"/r (12)

and is equal to

Fap(r) = — (eaes [ B0) e /1, (13)
where ¢ is the dielectric constant of the solution,

and the quantity

=0v

1 o s

—_—=lgy = ——

x 4 ( 4n2nae2) <4rn 2 n ez) (14)
a

determines the mean radius of the ionic cloud which
surrounds the given ion (and is known as the Debye
radius), v = V/N is the volume per particle, and
n = N/V is the concentration of the solution.

The pair function F,3(x, y | ®°) for the potential
(11) is, in first approximation (i.e., with accuracy to
quantities of second order of smallness):

Fab(f)== 1 +UF(]ib(f)= 1 —(eaeb/ee)(?"“’/r,

(15)
As is evident from (13) and (15), the first approxi-
mation of the pair distribution function for the poten-
tial (11) diverges when r > 0, which demonstrates
the invalidity of the extrapolation of the Coulomb
potential to a distance of the order of the particle
radius, and the necessity of considering short-range
repulsive forces. The second approximation for
Fap(x, ¥ | @°) in the case of a system with Coulomb
interaction was found in Ref. 5, where, as was also
pointed out in Ref. 1, this approximation becomes
even more divergent for small r.

This difficulty with the divergence (at zero) of

the pair distribution function in the use of the Cou-
lomb potential of interaction between particles can

be avoided as Kramers®'# bypassed the difficulty
in the case of a purely statistical derivation of the

free energy of an electrolyte, in which, in place of
the energy of a solution with Coulomb interaction
between the particles

U =

er.;.
ISiKiSN T H

he used an expression of the form

é.e.
i6
U= 2 LGy,
ISIKKN t
where
1 AR
Gij = — (1 —e™), hijj—ry,
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A is a constant quantity. From the physical point
of view, the introduction of the functions G;; de-
notes implicit account of the short-range forces of
repulsion between the ions. A qualitative account
of repulsive forces of such a nature, which reduces
to relieving the divergence (at zero) of the pair dis-
tribution function F,(x, y | ®°), was carried out in
Refs. 7-9, in which, in place of the Coulomb poten-
tial (11), the interaction between the particles is
determined by the potential

gy (r) = (eaes/er) (1 —e). (16)
In accord with Ref. 9, the pair distribution function
for the potential ®°(r) with accuracy up to quanti-
ties of third order of smallness, is equal to

Fap(r) =1 4 vFa(r) + 2l 5 {Fi (r)
+ D e\ 1Fae (r2) Fla (r2) + Fhe () F¥y (ro)) e

4 Zgncn,, SFM (r1) FY (r5) Fhy (ra) dxcdxd(, |
¢ 17

where F3;(r) is the first approximation of the pair
distribution function determined in Ref. 9 for the
potential (16). In the present research we shall
find the free energy (10) of a system of charged
particles with explicit account of the short-range
forces of repulsion, taking for the potentials ®°(r)
and ®'(r) functions of the form

0 for r<o
»n= fa®s for r>o 1e)
o1 (r) = { *° ff;’: ,r><cf (19)

where o is the diameter of the particle (for an ion,

0~ 10 cm). We find the first approximation of the
pair distribution function F,;(x, y | ®°) for a poten-
tial (18) from the Bogoliubov equation for the first

approximation 1,

Fap (x, x)+§‘,n£§ Yae (| X —x"|) Flp (¥1x") dx”

= — .ab(’x—-‘x I), (20)
where
bas (1) = g5 Dan (1) = <2aeb/eﬁvr ﬁ: :;g (21)
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Substituting the Fourier transform into Eq. (20):

Fip(x, %) = S Loy (v, x) exp {i (vx')} dv, (22

Yus (16— %) = 7\ Yo (| 7)) €xp {i (v, x—X)} dv

-—%Sv sinwYa (V) d,  (23)
0
we get a system of linear algebraic equations
Lap (vs %) + 272 B n,Yac (1v]) Les (v, ¥)
= — = Ya(v)exp{—i(vx)}. (1)
Setting
Las (0, x') = Kapexp {—i (vx')} (25)
we get
Kap + 252 3\ 1Y ac (1) Koo = — = Yol v
¢ (26)
Since, from (21) and (23),
Yao (9 = 55 | dar (1x— ')
exp{—i(v,x—x)}dx'= ;2\'—2 s (27)

then the solution of the system (26) can be writtens
in the form

7‘0 7‘17

2 b
2r v2r% + cos ov

COS ov

Kab=_

tis

N 2 -
Lo = ¢4 (47’: S. naea)
M
a

We see from (22) and (25) that Fip(|x —x'|) is a
radially symmetric function and is equal, according
to the inversion formula of the Fourier integral, to

Fly (r| ©0)

2e,e,
wrefo

vKap (| v]) sinrvdy = — ral, (28)

Il
ﬂigi‘
P8

where

(29)

o
v cosovsinry
1 = ST——-dV .
v2r2 4 cos ov
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It is not difficult to see that at 0 = 0 we get the ex-
pression (13) for Fj(r | @°).

In accord with (17), the second approximation of
the function F;(x,, %, | ®°) consists of three com-
ponents, of which the latter two determine the ef-
fect of all the remaining particles of the system on
the probability of finding two particular particles a
Therefore, for small
concentrations, in which the collective interaction

and b at the points x, and x,.

between the particles is small, both these compo-
nents are small (the third is smaller than the sec-
ond) and the principal term is the first component

% FL(r); in case of symmetric solutions, the sec-
ond approximation is exactly equal to this first
term, since the two remaining terms are identically
equal to zero, because of the neutrality of the sys-
tem.

Thus, with account only of the principal term of
the second approximation, the pair distribution
function F,(r | @°) is, in the second approximation
for the potential (18), equal to

Fap (r] @) = 1+ 0F%, (1) +vziF;‘,, (r)
2e
=1— nreh rdl_l_ Q(e,mibe > 12, (30)

Knowing F,, (r | ®°), it is easy to calculate the free
energy F(Q°) for the potential ®°(r) by the Gibbs-
Helmholtz equation, and then, in accord with Eq.
(10), we also calculate the free energy of the sys-
tem of charged particles with consideration of
short-range forces of repulsion. Actually, integra-
tingthe Gibbs-Helmholtz equation F =E + T(dF/dT),,
we get for the free energy corresponding to the in-
teraction of particles with the potential ®°(r) the
expression

F(@)=—T S T2 E (99 dT. (31
The average energy of interaction of the particles
E(@°) for the potential @°(r) is equal to

E (®°) = S U®Ddr

=SZ(D ,,(]xa, xbil)-Ddxl..

a<b
i

= NaNbS(ng(lxl — X, |) dxydx, SDdx3 ..
a<b

or

E (@) = f/—n M NalNo S @y (r) Fap (r| D°) r2dr. (32)

a,b

.d)CN

. de

I. P. BAZAROV

Substituting (18) and (30), and taking into account
the neutrality condition (2), we get

4
E (D% = ———V—Z NN,
¢ ege, ( e eprs ezeg 4 2) .
XS er \ e0r [— 2022 I#) radr . (33)

[}

For symmetric solutions, 2 N,e; = 0; therefore, the

a
integral of the second term in (33) is equal to zero*
and £(®°) for such solutions will be

E (D% = — ENa g cos* ov dv.

v2r2 4 cos ov

(34)

0

The integral here does not reduce to finite form;
limiting ourselves to the first term of the asymp-
totic expression of this integral, we get

( S\ Naea/2e) -2 [ VT =152,

E(®°) = — (35)

or
E (©°
(®% (36)

2
:__212\1860, (l+—02x2+-~04x4+ )

In the case of vanishingly small concentrations,
where

(37)

Equation (36) gives the Debye value for the energy
of solution of a strong electrolyte®:

E=—(x/2e)2Naeg.

Equation (35) for the energy of solution, being a
function of the variables T, V, N,, is not a thermo-
dynamic potential, and consequently does not permit
us to develop the thermodynamics of strong electro-
lytes. Therefore, we must calculated the free energy,
which is precisely the potential in these vari-
For this purpose, we substitute (36) in (31).
After integration we obtain the free energy of the
system of charged particles for an interaction po-
tential in the form of (18):

ables.

*In the case of non-symmetric solutions, the second
term in (33) is not equal to zero, as a consequence of
which, E(3°) diverges logarithmically for ¢ - 0.
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F (D0) (38)

"—"ZN ea(1+ 20 %% T mr 224 ofxf + )

For very small concentrations, in which the condi-
tion (37) of the applicability of the Debye theory is
satisfied, we get from (38) the value given by this
theory for the free energy of a strong electrolyte*:

x®
a

F(®) = F (®°) —

a,

S Na (Np— ) ogo[exp {—
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3. FINAL RESULTS. FURTHER
IMPROVEMENT IN ACCURACY

Knowing the free energy F(®°) of a system of
particles for the potential ®°r) of “long-range”
forces, we can calculate the free energy F(®) of a
system of charged particles with account of short-
range forces of repulsion.

According to Eq. (10), F(®°) is equal to

1, (r)} — 1] X Fap (r| @) 472 dr.

For the potential of “short-range” forces in the form (19) and for the value of F(®°) determined by (38), the
free energy of a system of charged particles [keeping only the first approximation in Fyp(r | ®°)] will be:

F (@) =——;‘E<2Nae§(l TR A PR
a

The expression obtained for the free energy is the
thermodynamic potential and therefore permits the
determination of both the thermal and the caloric
properties of the system: the osmotic pressure
(more precisely, the change in the osmotic pressure
relative to the pressure in ideal solutions), the ac-
tivity coefficients f; of ions of the ath type, etc.
We shall not determine these quantities, inasmuch
as their computation reduces merely to differentia-
tion of (39) with respect to V, T and N,.

The free energy (39), and also Eqs. (35) and (38),
were obtained for symmetric solutions with the ex-
act value of the second approximation of the pair
distribution function. In the case of asymmetric
solutions, the expression for the pair distribution
function (30) takes account only of the principal
term of the second approximation of this function,
which applies to solutions of low concentration.
Upon increase in the concentration, the collective

* The expression found in Ref. 8 for the first approxi-
mation of the free energy of a symmetric solution for the
potential (16) [Eq. (2.4) of Ref. 8], diverges for 0 > 0,
but does not go over info the Debye form, which points
out the error of this expression. The correct value of

the free energy of a symmetric solution, for the poten-
tial (16), is

1 — 3
F=—1ies (V1+2x6——1 ) (V1+2x6+3 ) .

2163 0 N
)+ 37 ZNa (Nb'—oab)- (39)
a,b

interactions between particles increase, and the
value of the second and third terms in the expres-
sion of the second appreximation of the pair dis-
tribution function (17) increase. Inasmuch as both
these terms are expressed by the function F}, (r| ®°),
the value of which is given by Eq. (8), then even in
this case we can compute the free energy of the
system of charged particles with account of repul-
sive forces, similarly to what was done above.

In conclusion, I express my deep gratitude to
Academician N. N. Bogoliubov for discussions on
the results and for valued advice.
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According to Fermi’s theory, the multiple production of particles in high-energy collisions
should be determined by the statistical weight of the respective states. In the present in-
vestigation, the statistical weight is calculated while taking into account the mutual inter- -
action of pairs of particles, and it is shown that in this case the phase shift of the inter-
acting particles is involved as a characteristic of the interaction. In resonance scattering,
the effect of the scattering reduces to the appearance of an intermediate “isobaric” state
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which should be included in the statistical theory.

THE STATISTICAL THEORY of multiple produc-
tion as originally suggested by Fermi® is well
known to be in disagreement with experiments. In
neutron-proton collisions, at energies around 2 Bev,
the production of two mesons is considerably more
probable than predicted by the theory?.

Theoretical and experimental results disagree by
a factor of 20. It was suggested by Nikishov and the
author® to modify Fermi’s theory according to the
following considerations. The cross section of the
scattering of 7-mesons against nucleons has a
strong maximum at a center-of-mass energy of about
160 Mev. This maximum corresponds to a P-state
and isotopic spin %. These experiments indicate
the presence of a strong interaction between 7-mes-
ons and nucleons in these circumstances. Such an
interaction must also manifest itself in multiple
particle production. It is evidently not taken into
account in the original form of Fermi’s theory.

A stronginteraction between mesons and nucleons
may be described qualitatively through the presence
of an intermediate, rapidly decaying state of the
meson-nucleon system with spin % and isotopic
spin %.

This concept of a so-called “isobaric” state was
used in a number of articles®*®, including also the
work of Tamm and his collaborators?. We have sug-
gested (see Ref. 3) that this isobaric state should ’

be included in the statistical theory of multiple pro-
duction, thus effectively allowing for the strong in-
teraction between the particles. It was suggested
that in a collision between two nucleons or a nu-
cleon and a meson, there may appear “quasi-parti-
cles” (isobaric states of the system) of mass

1.32 M,, where M, is the nucleon mass, having iso-
topic spin % and ordinary spin %, and rapidly
decaying into a nucleon and a meson. It was also
suggested that the probability for the production of
such “particles” may be determined from their sta-
tistical weight. A comparison was made between the
modified Fermi theory and experimental results on
the multiple production of mesons in nucleon-meson
and meson-nucleon collisions in the energy range of
1.4 to 5 Bev (see Refs. 3 and 8). Comparison shows
that the theory agrees with experiments regarding
the probability of various multiple production proc-
esses, and also regarding the energy distribution of
secondary particles. '

In the present article we want to bring up certain
theoretical considerations regarding the relation
between resonance scattering and multiple particle
production.

First we shall introduce the following example
suggested by Landau. We shall consider the sta-
tistical sum of the etates of a non-ideal gas. In the
first approximation we shall assume an ideal gas,



